SOLUTIONS - EXERCISE 1
(a) The joint density of X7, ..., X5 is:
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For the density of the posterior we have:

p(0|zy, ... ,x5) x p(xy,...,x5]0) - p(0)
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As a function of 0, this expression is proportional to the density of a Beta distribution
with parameters: @ = 4 + a and b = 1+ b. Thus, the posterior distribution is a Beta
distribution with a =4+a=6and b=1+0=2:

(9|(X1 =T1y... ,X5 = LE5) ~ Beta(6,2)
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(b) For the predictive probability we have:
P(X =1Xy =2,..., X5 = x5) = /p(ﬂe) -p(0lz1, ... x5)d0

where for 7 = 1:

p(E)0) = 0% (1—0) 7 =9

and
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is the density of the Beta(6,2) posterior distribution of , computed in part (a).

p(0lxy,. .. ,x5) = -95-(1—9)1

Hence, we obtain:
P(X = 1X) =21, X5 = ) = /p<:z|9) p(Olar, - 35)d0
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(c) Here we have for the posterior density:

_ p(xl,,l'5|0)p(0)
206{0,0.5,1} p(x1,...,w5/0) - p(0)

p(0]zy,. .., x5)

as 0 can only take on three different values (8 € {0,0.5,1}).

As p(xq,...,25/0 =0) =0 and p(xy,...,2z5/0 = 1) =0, it follows

p(0 =0z, ..., x5)
p(0 =1z, ..., z5)

So the only possible parameter is § = 0.5, and henceforth it follows:
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SOLUTIONS EXERCISE 2:
For the posterior density we have:
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It follows from HINT (2):
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(b) For the marginal likelihood we have:
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The function in the integral is proportional to the density of a Gaussian N (%, %) distri-
bution. We used that already above when computing the posterior.

The density of a N (£, 1) distribution is:
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We continue:
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The latter expression the density of a N(0,2) distribution.

SOLUTIONS EXERCISE 3:
(a) As a function of B we have for the likelihood:
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And for the prior of 3 we have:
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For the posterior of B we get:
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x ep{BXTEYy - FTXTSXB) e 587556+ 8155 )

B 1 -~ 1 _ _

x exp{@"X'Sly - SATXTSIXB - BT, B+ BT )
_ _ 1 _ _

x eXP{ﬁT[XTzl ly + 3 IH] - _IBT[XTzl X + DI 1]5}

2
From the shape it follows for the full conditional distribution of 3:

Bly ~ NMX'E'X+3 ' X'S y + 55 '], [ XTE'X+ 2517

(b) For the special case we have:

Bly ~ N([XTT'X+ (e- D' XTly +(e-I)7'0], [XTT !X+ (e-1)"1H)
~ N(XTX + e D' X Ty], [ XITX +et- D)

(c) For very large € values, €' — 0, and we have approximately:
Bly ~ N(X'X]"'X"y, X'X]™)

(cf. Least Squares Estimator).



